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It is well-established for the vacuum case that in the limit of a large number of colors N c the 
four-quark condensates factorize into products of the two-quark condensate. It is shown that in 
the combined large- N c and linear-density approximation four-quark condensates do not factorize in 
a medium of pions (finite temperature system) but do factorize in a medium of nucleons (nuclear 
system) . 
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It is by now well accepted that QCD, the theory of the strong interaction, has a non-trivial vacuum structure. 
One way to characterize this structure is by means of non-vanishing matrix elements of quark or gluon operators, 
the condensates. Particular condensates also play an important role for the connection of hadronic properties to 
the underlying quark-gluon structure, as investigated in much detail within the QCD sum rule method 0,0- Most 
' prominently, the two-quark condensate, the gluon condensate and four-quark condensates appear in the sum rules. 
r <L> ! When it comes to numbers the largest uncertainties reside in the actual values for the four-quark condensates. They 
remained a matter of constant debate over the last decades O ne central point in these discussions 

is the question whether a four-quark condensate can be factorized more or less accurately into a product of two-quark 
condensates. 

In hot and/or dense enough strongly interacting media, QCD is subject to phase transitions or rapid crossovers 
|lOUll| . Consequently, the condensates typically change with density and temperature. In lowest non-trivial order in 
temperature and density the changes of the two-quark and the gluo n condensate are well established 0, 0, Q, 0] . 
The issue is much less clear for the four-quark condensates H, EITliL Hil ITU fl8| . To summarize, for the vacuum values 
£SJ ' as well as for the in-medium changes the uncertainties are the largest for the four-quark condensates. 

There is one particular limit of QCD, however, where exact relations can be obtained, namely the limit of a large 
number of colors N c . While the physical (N c = 3) values of four-quark condensates are a matter of debate, at least in 
the large- N c limit the factorization into two-quark condensates holds for the vacuum case I n the present work 
we generalize this aspect to typical in-medium cases. We will show that in the large- N c limit an arbitrary four-quark 
i| condensate factorizes in a nuclear medium, while it does not in a pionic medium. The pion case has already been 
discussed in detail in [T3 . ITi| from a different point of view. The nucleon case was addressed only recently by the 
present author po| . In the following, we present a unified derivation for pions and nucleons. 

We start by recalling how some hadronic properties scale as a function of the number of colors N c . According to 
[^,122 the following rules hold for the expansion of hadronic quantities in powers of 1/N C : 
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Mesons are qq-states, their masses are 0(N®) 



■ • In contrast, a baryon consists of N c quarks, its mass is 0(N C ). 

• The ratio between a quark current A and the corresponding interpolating hadronic field Ah is 0(\/N c ). 

• Mesonic interactions are suppressed. Generically n- meson vertices are only 0(Nc n ^ 2 ). Consequently, the decay 
width of a meson into two other mesons is 0(1/N C ). Therefore, in vacuum mesons are stable in the large- N c 
limit. 

• In contrast, meson-baryon interactions are not suppressed. Meson-baryon scattering amplitudes are 0(N®). A 
meson-baryon-baryon vertex can even be enhanced as 0(\/ N c ). (Subtle cancellations ensure that these two rules 
are compatible, cf. e.g. 0.) 

Using Fierz transformations, in particular [24J 

-^(^a)a/3 (A a ) 7 «5 = <5 Q <5<Vy ~ J~j~ ^a0&f5 , (1) 

every four-quark operator 



(2) 
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can be written as a sum of products of two color neutral two-quark operators 

. (3) 

Here A a denotes a color matrix and T, T', T" matrices in spinor and flavor space. Therefore we can restrict our 
considerations to four-quark condensates of type (AB) mc ± where A and B are color neutral two-quark (to be precise 
quark-antiquark) operators of type ©. In the following we will interpret A and B as interpolating fields for hadrons. 
Effectively we will assume that color is saturated within A and B separately. In other words: The quark and the 
antiquark field of A form a hadron, same for B. In that way, however, we neglect possible exchange terms, i.e. the 
ones where e.g. the quark field from A and the antiquark field from B form a hadron. Fortunately these exchange 
terms are subleading in the number of colors and therefore of no concern for our present considerations. This can be 
seen as follows: 

qiYqi qjT'qj -> SuSjj = iV c 2 (4) 

whereas 



q i Tq l qjT'qj -> % = iV c . (5) 

Here the connection !T! indicates that the two respective fields form hadronic states. 

We approximate the medium by a gas of non- interacting states of type X with density px ■ This is a valid approx- 
imation as long as the density is not too high. The extension to a gas composed of several species is straightforward. 
For a system at finite temperature (nuclear density) one uses pions (nucleons) for X. We get 

(AB) med . » (0|AB|0) + P x(X\AB\X) (6) 

where |0) denotes the vacuum state. The expectation value with respect to the single state X consists of five parts: 
First, the transition process A + X to X, with B as a pure spectator; second, the same process with the roles of A 
and B reversed; third, the annihilation of X by B and the creation of X by A; fourth, the latter process with the 
roles of A and B reversed; finally, the true scattering of B with X into A and X . Denoting the true scattering process 
by (Jf |AB|J£) collnec ted we get the following decomposition: 

(X\AB\X) = (X\A\X) (0|B|Q) + <0|A|0) (X\B\X) + (X\A\0) (0\B\X) + {0\A\X) {X\B\0) + {X\AB\X) coimected . (7) 

So far, everything was rather general. In particular, we have not involved any large-_/V c arguments besides the 
dropping of the exchange terms. Now we recall that a quark current A is connected to mesonic fields Ajj with the 
same quantum numbers by a factor which is 0(^/N c ). Hence the connected part in J2J) is of order N c times a hadronic 
scattering amplitude. The size of the latter depends on X, but it is at most 0(N®). Below we will find that this term is 
always subleading. Independent of X we can already factorize the vacuum part in © in the large- N c approximation: 

(AB) med . « (0|A|0) <0|.B|0) + o(AQ 

+ px(X\A\X) (0\B\0) +p x (0\A\0) (X\B\X) 

+ P x(X\A\0) (0\B\X) + P x(0\A\X) (X\B\0) + P x(X\AB\X) conncctcd . (8) 

Note that the leading part here is O(N^) since (0|A|0) =0(N C ). 

On the right hand side of © the terms given explicitly in the first two lines constitute the result of a factorization 
assumption: 

(A) mcd . (-B)med. = {(0\A\0) +p x (X\A\X)) «0|B|0> +p x (X\B\X)) = 

(0\A\0) (0\B\0) + P x(X\A\X) (0\B\0) + P x(0\A\0) (X\B\X) + o(p 2 x ) . (9) 

(Note that we disregard terms quadratic in the density as we work in the linear-density approximation.) On the other 
hand, the terms given in the last line of © in general spoil the factorization assumption. In the following we will 
find that in leading order of a 1 /N c expansion these terms are present for the case of finite temperatures but absent 
for the case of finite baryon densities. 

To get a first glance how the large- N c rules work we shall prove the vacuum factorization: We start by inserting a 
(hadronic) unity operator between A and B and get 



(0|AB|0) = (0|A|0) (0|S|0) + V (0\A\h) (h\B\0) + insertions of multi-particle states. 

h 



(10) 
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As already stated the first term on the right hand side is 0(N%). The next term is only 0(N C ) due to 



(0\A\h) ~ y/K(0\A H \h) ~ y^Vc 



(11) 



The multi-particle states are even further suppressed. Hence in the vacuum any four-quark condensate factorizes in 
leading order of the 1/N C expansion. 

To make further progress we have to specify X . On account of the rules discussed above we have for pions 



(7r|A|7r> ~ VN c (tt\A h \7t) ~iV c °, 



(12) 



and 



whereas for nucleons we find 



(tt|A|0) ~ y/K{*\A H \0) ~ \fN~c 
(7r|Ai3|7r) connoc tcd ~ N c (n\A H B H |7r) connoctc d ~ N° , 
(N\A\N) ~ y/N~ c {N\A H \N)~N D , 



(13) 
(14) 
(15) 



(iV|A|0)=0, (16) 

and 

(JV|AB|JV) connoct0 d ~ N c (N\A H B H \N) 

connected ^ 

N c . (17) 

Of course, all relations displayed for A hold also for B. Note that A and B are quark- antiquark operators. Hence they 
cannot create a nucleon out of the vacuum. Therefore (AT|A|0) has to vanish as stated in i|16|) . This will constitute 
the important difference which makes the temperature and the nuclear density case distinct from each other. 
We conclude, first of all, that all pionic in-medium effects are suppressed as compared to the vacuum part: 

(AB) 

pionic mod. « (0L4|0) <0|B|0) + o{N c ) . (18) 
If we keep the highest non-trivial order in N c of the medium part, we get 
(AB) 

pionic mcd. « (0\A\0) (0\B\Q) + o(N c ) 
+ P7r ((n\A\n) (0\B\0) + (0\A\0) (ir\B\n) + (n\A\0) (0\B\tt) + (0\A\ir) (vr|B|0) + o(iV c )) . (19) 

Obviously even now factorization is spoiled by the annihilation and creation terms like (7r|A|0) (0|-B|7r). Such terms 
do not vanish, if A and B have the quantum numbers of the pion. 1 
In contrast, in a nuclear medium we find "factorization": 

(AB) nuc i ear mod. w (0|A|0) (0|B|0) + PN (N\A\N) (0\B\0) + P n(0\A\0) (N\B\N) + o(N c ) . (20) 

The quotation marks are meant to indicate that there is no p 2 N term which would appear if factorization was taken 
literally. 

To summarize, we have addressed a limit in which for the vacuum case the four-quark condensates can be expressed 
in terms of the two-quark condensate, namely the large-./V c limit. We have shown that in the same limit we can 
make exact statements for in-medium expectation values of four-quark condensates. In particular, reproducing the 
results of [Til with a different technique we have found that in the commonly used linear-density approximation in 
general four-quark condensates do not factorize for the finite-temperature case. In addition, we have found that (also 
in linear-density approximation) for the nuclear medium four-quark condensates factorize into two-quark condensates. 
This qualitative difference has a simple reason: Among the terms which potentially spoil the factorization (last line in 



1 Note that the matrix elements which appear in H19I can be calculated using current algebra Il4lll(l . 
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the true scattering process is always subleading in 1/N C as compared to the in- medium terms which show up in a 
factorization assumption (cf. ©)■ The creation and annihilation terms, on the other hand, — if present — contribute 
with the same power in 1/N C as the terms in ®. In a mesonic medium these annihilation and creation terms can be 
non-vanishing whereas in a baryonic medium they vanish. 

Finally, we note that with the decomposition J7J and the interpretation of (X\AB\X) connecte d as a true scattering 
amplitude it might be feasible to estimate this amplitude from hadronic models. (This is similar in spirit to the 
approach presented in jUS].) Especially the experimentally well explored pion-nucleon scattering amplitude can be 
used. First results in that direction are rather satisfying as they indicate that corrections to i|2U|) are quite small. 
A more detailed investigation is now in progress. Besides phenomenology again the large-iV c expansion might be 
helpful: For a given hadronic model (e.g. with the well-known physical states 7r, p, u), N and A) one can calculate 
meson-nucleon scattering in the large- N c limit to all loop orders |2|||23]. This would yield the next-to-leading 0(N C ) 
term in (|2U[) . In that way the validity of the in- medium factorization (|2U[) could be checked beyond the leading order 
of the 1/N C expansion. 
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